We unveil new results based on measurement that guarantee the existence of unique xed points which need not be maximal. In addition, we establish that least xed points are always attractors in the topology, and then explore the consequences of these ndings in analysis. In particular, an extension of the Banach xed point theorem on compact metric spaces 3] is obtained.
Introduction
The standard xed point theorem in domain theory states that a Scott con- This is perhaps the single most important result in domain theory, given its e ectiveness in handling the semantics of recursion, and the fact that its reasoning extends naturally to the categorical level to explain why it is that equations like D ' D ! D] may be solved.
It could be argued that one of its faults is that it only applies to continuous mappings, since there are now more general xed point theorems available 5]. However, within the context of continuous mappings, the only criticism that seems plausible is that its canonical xed points are not as canonical as they could be. There is, after all, one thing more satisfying than a least xed point: A unique xed point.
Using ideas all originally introduced in 6], we establish that there are natural xed point theorems in domain theory which guarantee the existence of unique, attractive xed points. In the next three sections, we discuss domains, content and invariance. These are preliminary ideas needed later on. We then introduce contractions on domains and prove a xed point theorem about them very reminiscent of the Banach theorem in analysis. In fact, this new result has the Banach theorem as one of its consequences. 
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Finally, in the case of a domain with a least element, we learn that least xed points are always attractive in the topology and that the results on contractions also hold for a larger and more natural class of nonexpansive mappings. Because of the latter, an improvement of the Banach xed point theorem on compact metric spaces 3] can be obtained.
Background
A poset is a partially ordered set 1].
De nition 2.1 Let (P; v) be a partially ordered set. The least element ? of P satis es ? v x for all x, when it exists. A nonempty subset S P is directed if (8x; y 2 S)(9z 2 S) x; y v z. The supremum of a subset S P is the least of all its upper bounds provided it exists. This is written F S. A dcpo is a poset in which every directed subset has a supremum. and this supremum is directed. We write this as ! X :
That is, if we observe that a sequence (x n ) of approximations calculates x, it actually does calculate x. The map measures the information content of the objects in X. For this reason, we sometimes say that measures X:
De nition 3.2 A measurement is a Scott continuous map : D ! 0; 1) that measures the set ker = fx 2 D : x = 0g:
The nature of the idea is that information imparted to us by a measurement about the environment may be taken as true. Here is an illustration of this principle. One of the rst motivations for measurement was the desire to prove useful xed point theorems. Generally speaking,`useful' means theorems which are easy to apply to nonmonotonic mappings, or results which say more about monotonic maps than the Scott xed point theorem. Here is the rst example ever found of the latter type 6]. , and this supremum is a limit in the Scott topology on D. The only problem with this theorem is that it requires xed points maximal. Very shortly we will uncover some new results that overcome this diculty in what appears to be a more elegant approach.
Invariance
All ways of measuring a domain appeal to a common objective. One unsatisfying aspect of the Scott topology is its weak notion of limit. Ideally, one would hope that any sequence with a limit in the Scott topology had a supremum. But this is far from true. Regardless of the measurement we use, these sets are always a basis for the topology. In fact, it is this property which de nes content on a domain. 
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This realization not only improves our understanding of the topology, it also allows us to make more e ective use of measurement. Proof. By Prop. 5.2, f is Scott continuous, so it is clear that x(f) is a xed point of f. 5 Martin Let x = f(x) and y = f(y) be two xed points of f. By our assumption In fact, every contraction on a complete metric space can be represented as a contraction on a domain of the type above.
Example 5.8 Let f : X ! X be a contraction on a complete metric space X with Lipschitz constant c < 1: The mapping f : X ! X extends to a monotone map f : BX ! BX on the formal ball model BX 2] given by f(x; r) = (fx; c r); which satis es f(x; r) ? f(y; s) = c (x; r) ? c (y; s) = c ( (x; r) ? (y; s)); where : BX ! 0; 1) , (x; r) = r; is the standard measurement on BX. Now choose r so that (x; r) v f(x; r). By Theorem 5.3, f has a unique xed point which implies that f does too.
Thus, Theorem 5.3 has the Banach xed point theorem as a consequence. A constant mapping taking any value o the top is a contraction with a unique xed point that is not maximal, and hence not of the sort mentioned in Prop. 5.7. We will see a more substantial example later on. 7
